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Abstract
In their consideration of the completeness phenomenon in L2(a, b), Boas and Pollard have shown
that a cofinite subset of a complete system can be transformed into a complete system by multiplying
each member of the system by a fixed, bounded measurable function. Following a trail blazed by
Braun and extensively developed by Kazarian, one can show that some systems, complete in Lp(E),
can be transformed, à la Boas and Pollard, in such a manner that the new system is, in fact, a quasi-
basis for Lp(E). Here it is shown that certain families of centered functions can be transformed in
this manner.
 2003 Elsevier Inc. All rights reserved.
1. In 1948, Boas and Pollard [1] showed that some systems, not complete in L2, can be
transformed into systems that are complete by means of a multiplicative operator. Subse-
quently, Braun [2] showed, for cofinite subsystems of a Schauder basis for a space Lp(E),
with E a set of finite positive measure and 1  p < +∞, that a multiplicative transfor-
mation can be constructed such that the transformed system is a system of representation
for Lp(E). In his further analysis of this problem, Kazarian [6] has shown how to con-
struct an associated sequence of coefficient functionals so that the completed system is,
in fact, a quasibasis. This construction has proved to be applicable, as well, to noncofinite
subsystems of the Walsh system [5], to a large class of subsystems of the Schauder sys-
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of probability.
2. Let B be a Banach space, let B∗ be the associated conjugate space, and let Φ =
{ϕn: n ∈ N} be a subset of B . Then Φ is a quasibasis for B , if there is a corresponding
subset of B∗, {ψ∗n : n ∈ N}, such that, for every f ∈B ,
∑∞
n=1ψ∗n (f )ϕn converges to f in
the norm of B .
Quasibases were introduced by Gelbaum [3] and are not, in general, Schauder bases,
since the sequence of coefficient functionals need not be unique [9, p. 278].
Let (X,A,µ) be a totally finite measure space, and let A = {An}∞n=0 be an increasing
sequence of (sub) σ -algebras of A, with A0 = {φ,X}. A family {fn: n ∈N} of integrable,
real functions adapted to A is centered iff the conditional expectation EAn−1(fn)= 0 for
every n 1.
A centered system {ψn: n ∈N} of functions Lebesgue integrable on [0,1] is of type G
iff it satisfies the additional conditions:
(α) lim supn |
∑n
k=1ψk(x)| = +∞, a.e. on [0,1];
(β) limn
∫ 1
0 (supkn |ψk|)p dµ= 0, ∀p  1;
(γ ) Each ψk is a step function;
(δ) There is an increasing sequence of natural numbers {qm}∞m=1, such that
(i) For each j ∈ (qm−1, qm] the intervals on which ψj is constant are ∆k with k ∈
(qm, qm+1], and for each such k, ∆k contains the support of the element ψk ;
(ii) For each m 1, {∆k: qm < k  qm+1} is a partition of (0,1];
(iii) limn |∆n| = 0.
3. Theorem. For each system Ψ = {ψk: k ∈ N} of type G, there is a bounded mea-
surable function M such that {Mψk: k ∈ N} is a quasibasis for each space Lp[0,1]
with p 1.
The proof of the theorem depends, in part, upon propositions of Neveu [8, IV, 6.2, 6.3],
portions of which are paraphrased below.
Proposition 1. If {fn: n ∈ N} is a centered family of integrable real functions, then
limn
∑n
k=1 fk(x) exists and is finite almost everywhere on the set X0 = {x:
∑
n E
An−1(f 2n )
< +∞}. Moreover, if supn |fn| ∈ L2, then X0 is equal a.e. to the set on which
∑
n fn
converges, and if supn |fn| ∈ L1, then lim supn |
∑n
k=1 fk| = +∞, almost everywhere on
X \X0.
Before one proceeds with the demonstration of the theorem, it is, perhaps, appropriate
to observe that the discussion is not being conducted in vacuo.
Remark 2. The family of systems of type G is nonempty.
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let ϕk be a step function that takes only the values 1, 0, and −1, on appropriate subintervals
of ∆k , and satisfies the conditions∫
∆k
ϕk dµ= 0 and
∫
∆k
|ϕk|dµ> |∆k|2 .
The intervals upon which ϕ1 and ϕ2 are constant provide a new partition of (0,1], π2 =
{∆k: q1 < k  q2}, each element of which is a subinterval of either ∆1 or ∆2. As in the
first step, one constructs on each ∆k ∈ π2 a step function of sup norm 1 that satisfies the
two conditions above. Proceeding thus, inductively, one obtains an increasing sequence of
natural numbers {qm}∞m=1, a sequence of subintervals {∆k}∞k=1 of (0,1], and a sequence of
step functions of sup norm 1 such that
(i) ∫∆j ϕk dµ= 0, ∀j ∈ [1, qm], ∀k ∈ (qm, qm+1], ∀m;
(ii) πm+1 = {∆k: qm < k  qm+1} is a partition of (0,1], ∀m;
(iii) |∆k| 1/m2, ∀k ∈ (qm, qm+1];
(iv) ∫
∆k
|ϕk|dµ> |∆k|/2, ∀k.
For each k ∈ (qm, qm+1], let ψk = ϕk/√m. Then supk |ψk| ∈L2[0,1], and, since
1
2
|∆k|<
∫
∆k
|ϕk|dµ
(∫
∆k
ϕ2k dµ
)1/2
|∆k|1/2,
one has∫
∆k
|ψk|2 dµ> 14m |∆k|, ∀k ∈ (qm, qm+1].
With A0 = {φ, [0,1]} and, for n 1, An the σ -algebra generated by the set of intervals
on which at least one of ψ1, . . . ,ψn is constant, one has
EAn−1(ψn)= 0
and
EAn−1
(
ψ2n
)= 1|∆n|
∫
∆n
ψ2n dµχ∆n, ∀n ∈N.
Thus, {ψn: n ∈N} is a centered family adapted to {An}∞n=0, and
∞∑
n=1
EAn−1
(
ψ2n
)= ∞∑
m=1
qm∑
k=qm−1+1
EAk−1
(
ψ2k
)
>
∞∑
m=1
1
4m
=+∞,
and it follows, from Proposition 1, that
lim sup
n
∣∣∣∣∣
n∑
k=1
ψk
∣∣∣∣∣=+∞ a.e. on [0,1].
Since the conditions (β)–(δ) are trivially satisfied, the constructed system is of type G.
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of subintervals of (0,1]. For each & > 0, γ = 0, N ∈ N, and ∆, a finite disjoint union of
the intervals ∆k , there exists a measurable set E and a Ψ -polynomial
h=
M∑
k=N
akψk, with each ak either 0 or 1,
such that
akψk(x)= 0, ∀x /∈∆,
|E|>
(
1− &
2
)
|∆|,
∣∣h(x)− γχ∆(x)∣∣< &2 , ∀x ∈E,
max
{[∫
E
∣∣∣∣∣
m∑
k=N
akψk
∣∣∣∣∣
p ]1/p
: N mM
}
 6&−1/q |γ ||∆|1/p,
where
1
p
+ 1
q
= 1 and q =+∞ if p = 1.
Proof. Without loss of generality, one may assume that & < 1. Let N0 be a natural number
such that N0 N , and{ 1∫
0
(
sup
kn
|ψk|
)p
dµ
}1/p
<
&20 |γ |
40(|γ | + 1) , ∀nN0,
where
&0 = &4 min
{|γ |, |∆|, |γ ||∆|}.
Consider the series
∞∑
k=N0+1
αkψk, αk =
{
1 if ∆k ⊂∆,
0 otherwise.
One has
lim sup
n
∣∣∣∣∣
n∑
k=N0
αkψk(x)
∣∣∣∣∣=+∞, ∀x ∈ F ⊂∆ with |F | = |∆|.
For each x ∈ F , let n(x) be the smallest natural number greater than N0 such that∣∣∣∣∣
n(x)∑
k=N0+1
αkψk(x)
∣∣∣∣∣> |γ |,
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E& =
{
x ∈ F : n(x) > N1
}
,
one has
|E& |< &
2
0
40(|γ | + 1) .
For N0 < k N1, set
α
(1)
k =
{0, if for some x ∈∆k ∩ F, n(x) < k,
αk, otherwise,
and let
h1 =
N1∑
k=N0+1
α
(1)
k ψk.
Then ∣∣h1(x)∣∣> |γ |, ∀x ∈ F \E&,
sup
N0<mN1
∣∣∣∣∣
m∑
k=N0+1
α
(1)
k ψk(x)
∣∣∣∣∣ |γ | + supk>N0
∣∣ψk(x)∣∣, ∀x ∈∆,
and, since the ψk are centered functions,
∫
∆
h1 dµ= 0. Let the measurable sets G1 and G2
be given by
G1 =
{
x: γ h1(x) > 0
}
, G2 =
{
x: γ h1(x) < 0
}
.
For i = 1,2, one has, on the one hand,∫
Gi
|h1|dµ=
∫
Gi\E&
|h1|dµ+
∫
Gi∩E&
|h1|dµ

∫
Gi\E&
(
|γ | + sup
k>N0
|ψk|
)
dµ+ |γ ||Gi ∩E& |
= |γ ||Gi| +
∫
Gi\E&
sup
k>N0
|ψk |dµ< |γ ||Gi| + &
2
0 |γ |
40(|γ | + 1) ,
and, on the other hand,∫
Gi
|h1|dµ= 12
∫
∆
|h1|dµ= 12
∫
∆\E&
|h1|dµ+ 12
∫
E&
|h1|dµ
 1
2
|γ ||∆ \E& | = 12 |γ ||∆| −
1
2
|γ ||E&| 12 |γ ||∆| −
&20 |γ |
80(|γ | + 1) .
Thus,
|Gi | 1 |∆| − 3 &
2
0 , i = 1,2,2 80 (|γ | + 1)
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|G1 ∪G2| |∆| − 340
&20
(|γ | + 1) .
Let
E+1 =∆ \G2, E−1 =G2,
and let the function g1 be defined by
g1(x)=


γ, if x ∈E+1 ,
−γ, if x ∈E−1 ,
0, otherwise.
For each m ∈ (N0,N1],
1∫
0
∣∣∣∣∣
m∑
k=N0+1
α
(1)
k ψk
∣∣∣∣∣
p
dµ=
∫
∆
∣∣∣∣∣
m∑
k=N0+1
α
(1)
k ψk
∣∣∣∣∣
p
dµ

∫
∆
(
sup
N0<mN1
∣∣∣∣∣
m∑
k=N0+1
α
(1)
k ψk
∣∣∣∣∣
)p
dµ 2p
∫
∆
(
|γ |p +
(
sup
k>N0
|ψk|
)p )
dµ
< 2p
(
|γ |p|∆| +
(
&20
40
)p )
 2p
(
|γ |p|∆| +
(
&|γ ||∆|1/p
4(40)
)p )
= 2p|γ |p|∆|
(
1+
(
&
160
)p )
< 2p+1|γ |p|∆|.
Thus,
max
N0<mN1
( 1∫
0
∣∣∣∣∣
m∑
k=N0+1
α
(1)
k ψk
∣∣∣∣∣
p
dµ
)1/p
< 21+1/p|∆|1/p|γ |< 4|γ ||∆|1/p.
Next,
1∫
0
|h1 − g1|dµ=
∫
E+1
|h1 − g1|dµ+
∫
E−1
|h1 − g1|dµ
=
∫
E+1
|h1 − γ |dµ+
∫
E−1
|h1 + γ |dµ
=
∫
G1
|h1 − γ |dµ+ |γ |
∣∣∆ \ (G1 ∪G2)∣∣+
∫
G2
|h1 + γ |dµ
=
∫ ∣∣|h1| − |γ |∣∣dµ+ |γ |∣∣∆ \ (G1 ∪G2)∣∣.G1∪G2
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∣∣h1(x)∣∣=
∣∣∣∣∣
N1∑
k=N0+1
α
(1)
k ψk(x)
∣∣∣∣∣ supN0<mN1
∣∣∣∣∣
m∑
k=N0+1
α
(1)
k ψk(x)
∣∣∣∣∣, ∀x,
since
sup
N0<mN1
∣∣∣∣∣
m∑
k=N0+1
α
(1)
k ψk(x)
∣∣∣∣∣ |γ | + supk>N0
∣∣ψk(x)∣∣, ∀x ∈∆,
and since∣∣h1(x)∣∣> |γ |, ∀x ∈ F \E&,
one has ∫
(G1∪G2)\E&
∣∣|h1| − |γ |∣∣dµ
∫
(G1∪G2)\E&
sup
k>N0
|ψk |dµ

∥∥∥ sup
k>N0
|ψk |
∥∥∥
p
<
&20 |γ |
40(|γ | + 1) .
Thus, ∫
G1∪G2
|h1 − g1|dµ=
∫
(G1∪G2)\E&
|h1 − g1|dµ+
∫
(G1∪G2)∩E&
|h1 − g1|dµ
<
&20 |γ |
40(|γ | + 1) + |γ ||E&|<
&20 |γ |
20(|γ | + 1) ,
so that,
1∫
0
|h1 − g1|dµ< &
2
0 |γ |
20(|γ | + 1) +
3
40
&20 |γ |
(|γ | + 1) =
&20 |γ |
8(|γ | + 1) <
&20
22
.
Moreover, for each m ∈ (N0,N1],∥∥∥∥∥
m∑
k=N0+1
α
(1)
k ψk
∥∥∥∥∥
p
 ‖γχ∆‖p +
∥∥∥ sup
k>N0
|ψk |
∥∥∥
p
 |γ ||∆|1/p + &
2
0 |γ |
40(|γ | + 1)
< |γ ||∆|1/p + &|∆|
1/p|γ |
4(40)(|γ | + 1) < 2|γ ||∆|
1/p.
Proceeding inductively, one finds sequences of measurable sets {E+k }∞k=1 and {E−k }∞k=1,
a sequence of functions {gk}∞k=1, an increasing sequence of natural numbers {Nk}∞k=1 and
Ψ -polynomials
hk =
Nk∑
α
(k)
j ψj with α
(k)
j either 0 or 1, ∀j, ∀k,j=Nk−1+1
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E+k ∪E−k =E−k−1, E+k ∩E−k = φ,
∣∣E−k ∣∣ |∆|2k ,
gk(x)=


2k−1γ, if x ∈E+k ,
−2k−1γ, if x ∈E−k ,
0, otherwise,
supphk ⊂E−k−1,
1∫
0
|hk − gk|dµ< &
2
0
22k
,
and
max
Nk−1<mNk
{ 1∫
0
∣∣∣∣∣
m∑
j=Nk−1+1
α
(k)
j ψj
∣∣∣∣∣
p
dµ
}1/p
< 2
(
2k−1|γ ||E−k−1|1/p
)
.
Let K = [log1/2 &] + 1, where [·] indicates the greatest integer function, let
h=
K∑
k=1
hk,
let N =N0 + 1, let M =NK , and for j ∈ (Nk−1,Nk], let aj = α(k)j . Then
h=
K∑
k=1
Nk∑
j=Nk−1+1
α
(k)
j ψj =
M∑
i=N
aiψi.
For each k, let
Bk =
{
x ∈∆: |hk − gk|< &02k
}
,
and let
E =
K⋃
k=1
(Bk \E−K).
Since
&0
2k
|∆ \Bk|
∫
∆\Bk
|hk − gk|dµ &
2
0
22k
,
one has
|∆ \Bk |< &02k , ∀k ∈N.
Since
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k=1
Bk =∆
∖ K⋂
k=1
(∆ \Bk),
∣∣∣∣∣
K⋃
k=1
Bk
∣∣∣∣∣ |∆| − &02K ,
and thus
|E| |∆| − &0
2K
− |∆|
2K
> |∆| − 2&0  |∆|
(
1− &
2
)
.
For every x ∈E, one has
∣∣h(x)− γ ∣∣= ∣∣h(x)− g(x)∣∣=
∣∣∣∣∣
K∑
k=1
[
hk(x)− gk(x)
]∣∣∣∣∣

K∑
k=1
∣∣hk(x)− gk(x)∣∣< &0 < &4 .
As for the last condition of the lemma, the following estimates suffice.
For a given m ∈ [N,M], there is an unique k ∈ [1,K] such that Nk−1 <mNk ; thus,
m∑
i=1
aiψi =
k−1∑
j=1
Nj∑
i=Nj−1+1
aiψi +
m∑
i=Nk−1+1
aiψi .
Since, for each k, |E−k | |∆|/2k , and
γχ∆ =
k∑
j=1
gk + 2kγ χE−k ,
one has∥∥∥∥∥
k∑
j=1
gk
∥∥∥∥∥
p
 |γ ||∆|1/p + 2k|γ ||E−k |1/p  |γ ||∆|1/p + 2k/q |γ ||∆|1/p
 3&−1/q |γ ||∆|1/p.
Thus,∥∥∥∥∥
m∑
i=1
aiψi
∥∥∥∥∥
Lp(E)

∥∥∥∥∥
k−1∑
j=1
hj
∥∥∥∥∥
Lp(E)
+
∥∥∥∥∥
m∑
i=Nk−1+1
aiψi
∥∥∥∥∥
Lp(E)

∥∥∥∥∥
k−1∑
j=1
(hj − gj )
∥∥∥∥∥
Lp(E)
+
∥∥∥∥∥
k−1∑
j=1
gj
∥∥∥∥∥
p
+ 2k|γ ||E−k−1|1/p
 &0|E|1/p + 3&−1/q |γ ||∆|1/p + 2k|γ |
( |∆|
2k−1
)1/p
 6&−1/q |γ ||∆|1/p.
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N ∈N, and & > 0, there corresponds a measurable set E and a Ψ -polynomial
Q=
M∑
k=N
bkψk
with each bk either 0 or 1, such that
|E|> 1− &, ‖f −Q‖Lp(E) < &,
and
max
NmM
∥∥∥∥∥
m∑
k=N
bkψk
∥∥∥∥∥
Lp(e)
< & + ‖f ‖Lp(e)
for every measurable subset e of E.
Proof. Because the ∆k corresponding to the successive ranks of Ψ form partitions
of (0,1], and the norms of these partitions tend to zero, one may construct a step func-
tion ϕ, such that
ϕ =
n∑
i=1
γiχ
∆(i)
,
the ∆(i) are disjoint elements of {∆k: k ∈N}, and
max
{
6&−1/q |γi ||∆(i)|: 1 i  n
}+ ‖f − ϕ‖p < &2 .
By virtue of Lemma 3, there are measurable sets Ei ⊂∆(i), and Ψ -polynomials
hi =
Ni∑
j=Ni−1+1
a
(i)
j ψj
with each a(i)j either 0 or 1, and ∆j ⊂∆(i), ∀j ∈ (Ni−1,Ni], ∀i ∈ [1, n], such that
N0 <N1 < · · ·<Nn, a(i)j ψj (x)= 0, ∀x /∈∆j,
|Ei |>
(
1− &
2
)
|∆(i)|, ∣∣hi(x)− γi∣∣< &2 , ∀x ∈Ei,
and
max
Ni−1<mNi
∥∥∥∥∥
m∑
j=Ni−1+1
a
(i)
j ψj
∥∥∥∥∥
Lp(E)
< 6&−1/q |γi ||∆(i)|1/p.
Let N =N0 + 1 and M =Nn, and, for Ni−1 < j Ni , let bj = a(i)j . Let E =
⋃n
i=1 Ei ,
and let
Q=
n∑
hi =
M∑
bjψj .i=1 j=N
676 M.G. Grigorian, R.E. Zink / J. Math. Anal. Appl. 285 (2003) 666–678Then
|E| =
n∑
i=1
|Ei |>
(
1− &
2
) n∑
i=1
|∆(i)|> 1− &,
‖f −Q‖Lp(E)  ‖f − ϕ‖p + ‖ϕ −Q‖Lp(E)  ‖f − ϕ‖p + &2 |E|
1/p < &.
For each m ∈ [N,M], let i be the unique natural number such that Ni−1 <mNi . Then,
for each measurable e⊂E,∥∥∥∥∥
m∑
k=N
bkψk
∥∥∥∥∥
Lp(e)

∥∥∥∥∥
Ni−1∑
j=N0+1
bjψj
∥∥∥∥∥
Lp(e)
+
∥∥∥∥∥
m∑
j=Ni−1+1
bjψj
∥∥∥∥∥
Lp(e)

∥∥∥∥∥
i−1∑
0=1
(h0 − ϕχ∆(0) )
∥∥∥∥∥
Lp(e)
+ ‖ϕ‖Lp(e) +
∥∥∥∥∥
m∑
j=Ni−1+1
bjψj
∥∥∥∥∥
Lp(e)
 &
2
+‖ϕ − f ‖p + ‖f ‖Lp(e) + 6&−1/q |γi ||∆(i)|1/p
< & + ‖f ‖Lp(e).
5. The lemmata suffice for the demonstration of the Theorem. One employs the methods
devised by Braun.
Choose p > 1 and let {hn: n = 1,2, . . .} be the Haar system. For each n, let fn =
hn/‖hn‖p and let {gn: n = 1,2, . . .} be the family of coefficient functionals associated
with (the Schauder basis) {fn: n = 1,2, . . .}. By virtue of Lemma 2, one may, following
Braun, construct a measurable function M with 0 M(t)  1 for all t in [0,1], and a
double sequence of Ψ -polynomials {Pkj }∞, ∞k=1, j=k ,
Pkj =
nk(j)∑
i=nk−1(j)+1
aiψi,
with
1 = n0(1) < n1(1)= n0(2) < n1(2) < n2(2)
= n0(3) < · · ·< n0(j) < n1(j) < · · ·< nj (j)= n0(j + 1) < · · · ,
and a sequence of measurable subsets of [0,1], {En}∞n=1, such that
(i) |[0,1] \En|< δn, {δn}∞n=1 ↓ 0;
(ii) ‖fk −M∑0j=k Pkj ‖p  2−0, ∀k, ∀0 k;
(iii) sup{‖M∑mi=nk−1(0)+1 aiψi‖p: m nk(0)} 2−0+2 if 0 > k;
(iv) sup{‖M∑mi=n0−1(0)+1 aiψi‖Lp([0,1]\E0): m n0(0)} 2−0+2;
and, for every measurable set e⊂E0,
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Then, with the coefficient functionals defined on Lr [0,1] by setting
bi(·)=
1∫
0
(·)ψi dt, ∀i,
one finds that Ψ is a quasibasis for each space Lr [0,1] with 1  r  p. Since p > 1 is
otherwise arbitrary, it follows that Ψ is a quasibasis for every space Lp[0,1] with p ∈
[1,+∞).
Since the details of the demonstration are essentially the same as those given in [6], and,
again, in [7], it seems to be appropriate to omit them here.
6. The equivalence of the notions of multiplicative completability and completeness on
a set of large measure was demonstrated in [10].
Proposition 5. Let E be a measurable set of finite positive measure and let Φ = {ϕn: n=
1,2, . . .} be a subset of L2(E). The following conditions are equivalent:
(BP) There exists a bounded measurable function m, such that {mϕn: n = 1,2, . . .} is
complete in L2(E);
(M) Φ is complete in measure on E;
(T) For every positive &, there exists E& ⊂E, such that |E& |> |E|− & and Φ is complete
in L2(E&).
The equivalence (M) → (T) is due to Talalyan [11,12] who also showed that if Φ has
these properties, then so also does every family obtained from Φ by deleting a finite num-
ber of its members. Subsequently, Goffman and Waterman [4] gave a new proof of the
latter result of Talalyan and observed that it is always possible to make certain infinite
deletions from a system that satisfies (T) so as to leave a residual system that also enjoys
this property.
Moreover, adaptations of the arguments given in [2] can be used to establish a com-
panion theorem to Proposition 5, in which the role of L2 is played by any space Lp with
1 p <+∞. It follows that any system multiplicatively completable in Lp(E) is closed
in Lp(E&) for some sets E& with |E& |> |E| − & for every & > 0.
By virtue of these observations, the Theorem yields the following result.
Corollary 6. Let Ψ be a centered system of type G and let Ψρ be the residual system
obtained from Ψ by deleting a finite number of its members. Then, corresponding to each
p  1 and & > 0, there exists a measurable set E& , such that |E& | > 1 − & and Ψρ is
closed in Lp(E&). Moreover, there are residual systems, Ψρ , of infinite deficiency, that
are Lp-closed on sets of measure greater than 1− &.
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